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CH1. Overview

1. Where this material fits
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2. What does a finite element look like?

(a) (c) (d)
4
/ N 2rsin(m/n)
M Jr...—,.-|
S
\

W

Figure 1.1. The "find m" problem treated with FEM concepts: (a) continuum
object, (b) a discrete approximation (inscribed regular polygon),
(¢) disconnected element, (d), generic element.
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Ty, = nsin(m/n)

Extrapolated by Wynn-e

Exact 7 to 16 places

0.000000000000000
2.000000000000000
2.828427124746190
3.061467458920718
3.121445152258052
3.136548480545839
3.140331156954753
3. 141 277250932773
3.141513801144301

3.414213562373096

3.1414183278933211

3.141582658818053

3.141582653589786

3.141592653589793
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3. The FEM analysis process

member

/

support

o

joi ;/\'ﬁ

Physical System

IDEALIZATION

The idealization process for a simple structure.
The physical system, here a roof truss, is directly idealized by the mathematical model: a pin-jointed
bar assembly. For this particular structure, the idealization coalesces with the discrete model.

% A=t
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generally

Ideal irrelevant

Mathematical
model

CONTINUIFICATION

SOLUTION

Physical Discrete \ Discrete
system /j model solution

IDEALIZATION &:
DISCRETIZATION VERIFICATION
solution error

simulation error= modeling + solution error

VALIDATION

The Physical FEM. The physical system (left) is the source of the simulation process. The ideal
mathematical model (should one go to the trouble of constructing it) is inessential.
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Model updating process in the Physical FEM

EXPERIMENTS
Physical Experimental FEM ) Pm:?;:::;zedl >
system database model

simulation error

Discrete
solution
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CH2. The Direct Stiffness Method(DSM) : Breakdown

______________________________________________________________________________________________________

_______________________________________________________________________________________________________

= Truss Structures & ldealization
» The Master Stiffness Equations
= Breakdown

= Example
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The Direct Stiffness Method(DSM) Steps Starting with : Idealization

Disconnection

Breakdown (Chapter 2) { Localization
Member(Element) Formation
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2. Truss Structure

member

support

Figure 2.2. An actual plane truss structure. That shown is typical of a roof
truss used in residential building construction.

Figure 2.3. The example plane truss structure, called “example truss”
in the sequel. It has three members and three joints.
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(a) (b) 3 =2
N L'® =10
L® =10v2 E® 4@ _ 50
E{H]A{E} — 2{]{]\/5
fu1, Uy fyo, Uy 2

o _
L. =10 f_;,g,, ”_yZ
fy1, Uy EDAD = 100

N

Figure 2.4. Pin-jointed idealization of example truss: (a) geometric and
elastic properties, (b) support conditions and applied loads.
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4. Joint force, Displacement, Master Stiffness

(a)

L® =10v2
E(fi] A{3} — 200\/5

fa,s U (1) 2

EWAD =100

L

~ 2
SIS
|

L“) =10 fz u ZT
e By

~
Lad

In matrix notation:

>

x1lyl
yiyl
x2yl
Yyl
x3yl
yayl

= XX XX

EEL R
""":k -‘m:k“w::q k:q ‘wr::q ;'?'\'.'
TRTRR DS
= ORUX XXX

x1y3
y1y3
x2y3
v2y3
x3v3

> X

> XXX

¥3y3 -
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5. Breakdown : Disconnection = Localization >Computation of Member Stiffness Equation

(a)

f.:"'j- E'Lyf' ¥ ij" E'r}"j
F’“"_a” > T (€) X fyj. lyj
—>
i \ ,
(b)
- Fe<——® o r
< L . d
by  Baivi By By By | 1ty
f=Ku {yf _ | Byixi Dyiyi Dyixg o By iy
f_Xj Xjxi xjvi Xjxj Xjyj I__ij
Iy K. K.k i,
B e e s W Aozt
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CH2. DSM : Breakdown

DI
1
I

1

oo o o

_— 0 - O
o O O O

— O — O

<T

I
|
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CH3. The Direct Stiffness Method(DSM) Assembly and Solution

___________________________________________________________________________________________________

\

i \0/0 S&SH: EYA FRES AR JWZAH el olsBLt.

___________________________________________________________________________________________________

= Coordinate Transformation Matrix
= Globalization
» Application of Boundary conditions

» Example
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§2.3. IDEALIZATION 2-5
§2.4. JOINT FORCES AND DISPLACEMENTS 2-5
§2.5. THE MASTER STIFFNESS EQUATIONS 2-7
§2.6. BREAKDOWN 2-8
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~ Globalizatioin
Merge
Assembly & Solution - Application of BCs
(Chapter 3) Solution

- Recovery of Derived Quantities
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2. Assembly
1) Coordinate Transformations

Displacement
transformation

H},rj
. UXI'
1
u,,=u,.C++ uﬂs, uﬂ = —u,s+ uﬂ.c,
Uy; = Uy;C+ Uy;sS, Uy; = —Uy;S+ uy,cC

where ¢ = cos ¢, s = sin g and g is the angle

X
u,, c s 0
u, _ —s ¢ 0
uy 0 0 C
_ Uy L 0 0 -—s

0 ru,;”
ny

S uxj

C_ _ij_
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Force 1?‘ . fy j
transformation X

£, c —s 0 O i {x:‘ ]
fﬁ. _|s ¢ 0 O {,w‘
f, y 0 0 ¢ -s {XJ
1y, 0 0 s cd| £, _
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2) Globalization

f{c} — K{f}u{e}

=& — a]
@@ =TOu®, 9= (171"

{e)

K(rﬂ _ (T{GJ)TR T(ﬂ}.

- ¢ sc —¢&  —sc]
K@ _ EQ9A9 | s¢ & —sc —&
(e -2 —sc &  sc

| —s¢ —s* sc s
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3. Solution & post process
Example 3-1) frs, UJGT

fx' LIRS &

3 3, Ux3

0 =45 (10,10)
cosd =2/2,sinf =2/2 '

cosOsinfd = 1/2
L® =10v2
E{iﬂ A{E} — ZDD\/E

L% =10
E{E}ALE} — 50
6 =90

cosf =0sin6 =1
cosBsinf =0

fxl-.- fxz? uxd
— |
100 m=19 , A0 |
2. Uy
l{yl.. Uy .E[‘”A“:I — 100 y2 i JT
6 =

cosO =1,sin6 =0
cosfsind =0
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We Obtain the Globalized Element Stiffness Equations of the Example Truss.

For member (1)

TR S
£ | ol © 0 0 0f|uy
%1 L0 0 o o)A
L £, - - - Luy, -

— pl(2) - _(2) -
fx%] 00 0 07[“
fo | _s10 1 0 —1||up
2| =0 0 0 0|

2) _ &)
| £ L0 -1 0 1 J] @

For member (3)

- f(3) - — (3 -
0 - 05 05 —05 —057[ Y
£ | _ o0l 05 05 —05 —05 ||y
(3) o _ _ (3)
£8 0.5 —05 05 05 ||u8
£ |05 —05 05 05 ][ ,®

e _},3 - - _},3 -
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Expanded Element Stiffness Equations of Example Truss.

For member (1) x1 - 10 0 —10 0 0 O x1
(1) (1) j|f-'[l‘] u{l]
fﬂ 1 0 —1 07[!n ! 0 0 0 0 0O !
L | _ o] 0 0 0 offu 51 | =10 0 10 0 0 of]udy
o -1.0 1 04 = ] ] 0 0 0 00 0]fu
5% 0 0 0 O L (1 :
fre Uy, £ 0 0 0 00 0],

£ L 0 0 0 0 0 04 (1)
= 43 = = Uyg =
— jF-{E‘_l —_ — .[.!'{2] -
xl = = xl

For member (2) £ 000 0 0 0 (2)
(2) (2) ¥l 0 0 0 0 0 0 ¥l
b 0 0 0 07[" g 000 0 0 0 ||ug
f 0 1 0 -1 @ | = (2)
f{%] =9 0O 0 0 {I22} » jFh!r‘E 000 5 U u y2
;E%) 0 Lo 1 i'% f{? 0O 00 0 0 0 {23]
fi3 - Uy pecd L0 00 -5 0 54| &

R I o
— f(fr_ - 4 5

For member (3) ‘;EEr 10 10 00 -10 -10 )
3) @) ¥ 10 10 0 0 =10 -10 Uy
b 0.5 05 -05 -057 % £y 0 0 00 0 0 uly
gl ol 05 05 —05 —05 uly & =1 o 0 00 0 X %
1 Ol Zo5 —05 05 05 u® » »2 Uy
peid —05 —05 05 0.5 G fey ISRl I 7
¥3 Uys 3 _ —-10 —10 0 0 10 10 d| @3

| fy LUy
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Forming the Master Stiffness Equations through Equilibrium Rule.

f= D 4 2 1 f9 = (KO + K? + K®)u = Ku

——
- T - 20 10 —10 0 —10 —1077 [ uy 7]
fi 10 10 0 0 —-10 -10 Uy
fro | | —10 0 10 0 0 0 Ux?
fi2 B 0 0 0 5 0 -5 Uy2
fi3 —10 —10 0 0 10 10 Uy3
| fy3 . —10 —10 0 -5 10 15 1 Luy
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Applying support and Loading Boundary Conditions.

» Displacement BCs :

uxl = U)_,l = U)_,z = 01

> Force BCs:

fpo=0, fiz=2, [fz=1
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Solving : Reduced Master Stiffness Equations for Hand Computation.

1

10 O
[0
0

HXZ
HXB
¥ 3

20
10
—10
0
—10

| —10

o]
J- |

—0.2

uxﬁ
)
v3

10
10
0
0
—10
—10

—10
0

10

0
0
0

X2 f;zz
= | fi3
f.

oo o o

—3

—10 —107
—-10 -—10
0 0
0 —5
10 10
10 15 _

-0 -
0

» Displacement BCs :

Uyl = Uy = Uyp =0,

> Force BCs:
fx2=0, fX3=2, %3:1

o oo o
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Postprocessing : Recovery of reaction Forces, Recovery of Internal Forces and Stresses

- 20
10
—10
0
—10

_—10

10

10

0

0
—10
—10

—10
0
10
0
0
0

oL o oo

—10
—10
0

—10 7
—10
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Recovery of Internal Forces(Axial Forces in Truss Members)

For each member(element)
1. Extract u'® from u
2. Transform to local displacements

Piiﬂ/ ¢ “ l—l{f‘} — T{E-"I'u[c‘}

3. Compute elongation 4'© = ‘¢ — 7'¢

Xj xi:
p»
1(:) —> <— O‘z _ (e) E'© A (e)
4. Compute axial force p~ = BCH
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FINITE ELEMENT METHODS

CH7. FEM Modeling : Introduction

___________________________________________________________________________________________________

___________________________________________________________________________________________________

= FEM Terminology
= Discretization
= The Finite Element Method

» Case study
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FINITE ELEMENT METHODS

§7.1.
§7.2.

§7.3.

§7.4.

§7.5.

§7.6.
§7.7.

FEM TERMINOLOGY

IDEALIZATION

8§7.2.1. Models

§7.2.2. Mathematical Models

§7.2.3. Implicit vs. Explicit Modeling

DISCRETIZATION

§7.3.1. Purpose

§7.3.2.  Error Sources and Appm}:lmatmn
§7.3.3. Other Discretization Methods

THE FINITE ELEMENT METHOD
§7.4.1. Interpretation
§7.4.2. Element Attributes

CLASSIFICATION OF MECHANICAL ELEMENTS
§7.5.1. Primitive Structural Elements

§7.5.2. Continuum Elements

§7.5.3. Special Elements
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CH7.

FEM Modeling : Introduction

FINITE ELEMENT METHODS

1. FEM

luEl-
» EZA

ot 80 A EICE.
or 7

=
I

qu

uyl

UXZ

uyZ

uX3
| U

3=

>

x1x3 x1y3
1x3 ylyv3

x2y3

ol

=X
Py

x2x3

>
EN
P

y2x3

>

x3x3 x3y3

=
x>

/3x3 y3y3 —

Terminology
£ EHE = DOFYE £ HE{HEEID 220 Aoy
=M Mef DFEZER| = ult f AFOl= X 0| # & 70| HE &It
Master(Global) Stiffness Equations
_ le -
fyl
f = sz
fyz
fx3
| £
Linear structure :
i fxl ] [ lexl lejl lexz leyz
‘f-yl Kylxl K /1yl K]fle Kylyz
‘FXE — Kxel szjl KXZXE Kx.?ﬂ
f:VE Knyl KyZ)I KVZXE K)’E_}»’Z
fx3 Kx:ilxl KXB}I KX3J(2 le]_yz
- ‘F - —Ky:}xl K*’B}l K}’EXE K)’Sﬂ
Nodal Master stiffness matrix
force
f=Ku

Hyz
HX3

L U5
Nodal
displacements
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Physical Significance of Vectors u and f in
Miscellaneous FEM Applications

Application State (DOF) vector u Conjugate vector £
Problem represents represents
Structures and solid mechanics  Displacement Mechanical force
Heat conduction Temperature Heat flux
Acoustic fluid Displacement potential  Particle velocity
Potential flows Pressure Particle velocity
General flows Velocity Fluxes
Electrostatics Electric potential Charge density
Magnetostatics Magnetic potential Magnetic intensity
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FINITE ELEMENT METHODS

2. ldealization

= MK SEAAEHE Y REZ 0|43 A7 FEMIPE
» Process& SS{A T3 A

= Solution errore= $=X|

Ir

= Discretization error=

i
1
It
o
[
n

= Modeling error= 22| 4|

Model Based Simulation
(a simplification of diagrams)

IDEALIZATION DISCRETIZATION SOLUTION
Physical Mathematical| [ \// | Discrete
system < model » model

Discrete
solution

REALIZATION & CONTINUIFICATION T Solution error

IDENTIFICATION . . .
Discretization + solution error

Modelins + discretization + solution error
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FINITE ELEMENT METHODS

member

Physical System

IDEALIZATION

support

The idealization process for a simple structure.

The physical system, here a roof truss, is directly idealized by the mathematical model: a pin-jointed bar assembly.

For this particular structure, the idealization coalesces with the discrete model.
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FINITE ELEMENT METHODS

o © no
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o
= CHYet 2255 MSotn dEot 240 [MHE +3t2ZES 7o F(Implicit Modeling'd &)
29| Me} S o[0|F O[3ffalioF otX| 2t DX ot B2 7 tiLhs 0|22 "Rt 2o = (literacy)'S MEot= A0l 55 ¢

Implicit Modeling VS Explicit Modeling

ALma;MS ALRSHH ANEXIZF AAE E2|H 2|9
TN EHRLAE ME £ D Eg XA

MEiSH @ ATF 7|8H0| E|= =5t 2 E 222 Solvingdto

N BE0| X522 X EE Solution2 &

= Implicit Modeling 2 C} Explicit Modeling0| &M O 22 7|=X HEX|4at 2|2, AEo| 2 &

= QHPHO[X| = ST B2 M= Explicit ModelingS ol OF &
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4. The Finite Element Method

- H|T XHAO| T AFGXIH MESt D BHikstol M B3I,

- HMAIAYES Ztzto| QAR LiRofM AAtetsE| 1 7247t of g7 EoQeX| otz

- BTYPoRO HYo| YMEE 1KY BHIFUS + AT B 2L 2%t B YL E YUrt
7 o

> A0 B MAHOILL AZHO R Lhs & ULt
2o BROIM =E0| 47} THE 7t =T e 40| et wetels Kol Mo A Lot
. 348 2ol A 342 4 ARSI

1D /"
2D A
2D Q
3D @”
Typical finite element geometries in one through three dimensions
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Attributes of Mechanical Finite Elements

Nodal points.

7 2201 HH(node)0|2tn B2|& YR TYEIE HEO| UCk =EE 24 HA Holot XIQE EHO|BE £
oz AEECL JE'"'t 7*OI YHIHO 2 Q49 BME[Lt EFO| fIXISCt 29 refined® 84 = 1A 24 L E=
40| Ly SE0F ObL|2} X 30| Lt BHOj & X EICt

Geometry.

220 Fo2 2H uixof mat HolELh MM 2 AEE = HEE2 R4s 0| Tttt 7|5ty f2F JHX| 1 QUL
TXHRIOI M R_Jt'- °'H+7‘*2§ M = 2 MOAHEO|L 2K M= M4 Ee A 20|C BXP%OHH = *1I 7HX]
SN ZYS 7t = AFEAN, LEME 7Y £ Z2|F0|2tiE 7)) |

Degrees of freedom
AHFE(DOF)= 42| HEfE X[FgL|Ct Eot Q1o RAE AE5ts Ak ottt DOF= E & 0| Avalues (and possibly
derivatives) of a primary field variable 2 & 2| EIC}

Nodal forces.
It UCHY CHSof| QLA et Lo “HH &”0| QULCE mechanical elements A 2| CHS 2 O|HX|E 2HE =& EICH

Constitutive properties. (845 d)
714 220 2A0M Mz HES 5= 54 o & =0, U B U R20M= BHd Ale eQF @ EE Al a2t 22
=o|H Eéo o|ofgtLt,
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5. Classification of Mechanical elements

Primitive Structural Elements

Primitive 24 = O}2{o| M=l &£ CIE 2 2AQ MacroQA QN YR, O|= ¢ Zickst @ A 2 BlE £ gl22 ool
Ch O|2ot A& YHtdo 2 M Hsto| X0 IHEE|H o8 HEECH= S8 H-AM o & O|sfEICt .

Ol =0 60|A dFoE 2401 LY, #0|F, &, AFIZE S0| UL}

Continuum Elements
Continuum 224 AN R 72t E|l= 1N 1/d 40| M222 BEHEICH 138 @494 | &K 4= =2H
Z=MHO| A O|8li5H7| 4|2 Plate, Slices, Shell, General solidsS 0| UL},

Special Elements

ST84E FEQAR} ALK 40| £ SO 7IXH ALZK Hsto| 2HO| M DHAL| AKX CHEEH|2| E2|5da &
oA 23 E 7|52 Zests 240|Cr o|E S0 mtu|dst M2 flot 7€ a4, Mt ilg, Fo 3 gast 24 HE
ol _U_.”LﬂEl _Q_AEO ol
=x = -+ o | AN I'

Macroelements

Macro 84+ MeshThe| = Super@2 2t E FEEX|2F S X}O| 80 Substructures(Otef | &)t AXICt SuperQ A
2t= 0= 7|2 240 &2 HOojMeE BE =& = RetAQl o|0| 2 XF A EIC}

Macro 224 = XX /d 242 FAISHK| 2t I ZtEtot @ A2 M| ZHEICE

Substructures

Substructures= YHIMOoZ MY LXE 7|5 1M A2 Hctsio] ¢ XX 7|52 71% 0|32 A0|LC}

OlE =0 Hld7|2| E7Het A, Aol Tt H 0| 50| U=l 7| st +x2QF 5t & d2|1 Macro 824
Zto| 0| Y2SHX| QCH= Hof| |2lslof otCt.
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FINITE ELEMENT METHODS

Physical Mathematical
Structural Model Name
Component

= bar

& tube, pipe

spar (web)

beam

(2D version of above)

C shear panel

Finite Element
Discretization

P
—
P
—
=

Example of primitive structural elements

Finite element

Physical idealization

plates

Q A

Finite element

Physical idealization

&
P

Continuum element examples

3D solids

Q&
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Infinity
double node =

Crack Infinite Honeycomb
element element panel

Special element examples

@ - 4v
P -CP

Macroelement examples.

W Aot



CH7. FEM Modeling : Introduction

FINITE ELEMENT METHODS

o

Z7|2A Al CHEfH Rl s o= T

POl A AR =0 g521el 22171 U 37| 20 o F222 LHF0A 43
50| UMM 1 5450| M| O Subsystem?| ZAH HHO|AM Input2 2 A& e
=3 =

0.

A complete airplane

Broken down in to six level substructures
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7. Boundary Conditions

The most difficult topic for FEM program users(“the devil hides in the boundary”)
Essential
Two types {
Natural

1. If a BC involves one or more DOF in a direct way, it is essential and goes to the Left Hand Side(LHS) of Ku =f
An example is a prescribed node displacement.

2. Otherwise it is natural and goes to the Right Hand Side(RHS) of Ku=f

Essential BCs are those that directly affect the degrees of freedom, and are imposed on the left-hand
side vector u.

Natural BCs are those that do not directly affect the degrees of freedom, and are imposed on the
right-hand side vector f.

% A=t
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CHS8. FEM Modeling : Mesh, Loads and BCs

____________________________________________________________________________________________________________

SERH: 3822 RHYNAN HX, 515, AA = A sl s&stt. |

____________________________________________________________________________________________________________

» Mesh Refinement
» Element aspect Ratios
» Physical Interfaces & Boundary conditions

= 3D CAE Process Demo.(Commercial S/W)

% Aot
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§8.1. GENERAL RECOMMENDATIONS 8-3
§8.2. GUIDELINES ON ELEMENT LAYOUT 8-3
§8.2.1. Mesh Refinement 8-3
§8.2.2. Element Aspect Ratios 8-3
§8.2.3. Physical Interfaces 8-5
§8.2.4.  Preferred Shapes 8-5
§8.3. DIRECT LUMPING OF DISTRIBUTED LOADS 8-5
§8.3.1. Node by Node (NbN) Lumping 8-6
§8.3.2. Element by Element (EbE) Lumping 8-7
§8.4. BOUNDARY CONDITIONS 8-7
§8.5. SUPPORT CONDITIONS 8-8
§8.5.1.  Supporting Two Dimensional Bodies 8-8
§8.5.2.  Supporting Three Dimensional Bodies 8-9
§8.6. SYMMETRY AND ANTISYMMETRY CONDITIONS 8-9
§8.6.1. Visualization Ce e 8-9
§8.6.2.  Effect of Loading Patterns . 8-10
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FINITE ELEMENT METHODS

1. General recommendations

- DU Yol YUIEQI ANAMS T 2 DUYS oo} STHE A
- OF 9AZ A8E 20/0f YOt B2 Li0{of she 2R 0| UOIM SIS HE| T ZHEISHD KR O

- NodeH4:0f et #A7|7h ZHE7| 20| §iA FO| 7|5tF4+HO R S7ket0z bR ST HTHQl By

- mEd BUEHO SHEHS HYSHTA I 2 meshS BLEE HO| Eit

- WS EZfOIAE CIRHQIO| R M D Z 0| utEt AWl MBS LD NS BT B7| B2 coarse m

2fX 0l margin 2 HHot

CetA A 27| THA Off A

| -

—

e  Use the simplest type of finite element that will do the job.

e  Never, never, never mess around with complicated or special elements, unless you
are absolutely sure of what you are doing.

e  Use the coarsest mesh you think will capture the dominant physical behavior of the

physical system, particularly in design applications.

2AXHEN AN =2|HQ ZHo| =& SHYS ZAY A2t Y

Zt
4

Xt
(=]

= 7hg 2 A4S ALl

mjn

3 word summary : Keep it Simple !!
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2. Guidelines on element layout
(1) Mesh refinement

= Mesh refinement

= 2D 240 42 MY 24 AHYH @A
. mety Zat Be

» S FXREXC F

ASHA BHetst= 222 ZASHY| O3S
22 A" QA F CoarsedtAH 2Hd

= ]
2 5 S, Cowslt ZA51 0| Ay

e Near entrant corners, or sharply curved edges.
e In the vicinity of concentrated (point) loads, concentrated reactions, cracks and cutouts.

e In the interior of structures with abrupt changes in thickness, material properties or cross

sectional areas. % AlZoiern
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FINITE ELEMENT METHODS

I

20| A failO] 20| A E|E 2 Fine mesh AH.

~

H-d

SHXA0| AH UMEZ 2 Fine mesh A
~

+ b .
< >

= o— 4i_3fr—ii
-

YYVYYYV A A entrant corners
Cutouts Cracks
weld

-«—]|

bl —>

“ —>

-« >

-

Load transfer
(bonded joints,
welds, anchors,

reinforcing bars, etc.)

Abrupt thickness
changes

$

o) K

Vicinity of concentrated (point)
loads, and sharp contact areas

Material
interfaces
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FINITE ELEMENT METHODS

(2) Element aspect ratios

= Aspect ratio A0A 7}E
= AES/WOl= Auto meshAtEA
= QAO| ZHE B 180E 2 &

22 2|0[5lH O] 40| {7 3™ Interpolation £

OrE| 1 of 'Y =HE0| &L (Negative Jacobian)

Good

Bad

f

JL°l
o

0

e
oo
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m Warp angle
- 240 giLto] BHO| T2 Al ol BHOE TAEE BHORRE O|RL 2t
ol 7O
[ e

- 7K o4 Rl WElS BE MOl SUB BO| Y= FLZ, 0] If Warp angle 09| 28 HeL
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15

m] Aspect ratio

- 248 795t He| 20|  7tE B2 vt 7ty 2l #ol 2ol HE
-7HY Ol dHQ R ZE Bl 2O[7t 2ot YArA Y FEIZ O] [fi Aspect ratio= 12| &tS A=
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.

4\5‘ &‘
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FINITE ELEMENT METHODS

m Skew angle
- Skew angle 90°-

- 7ha o] A E{ Q)
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2 3ol5H, 2471 &0t #EoE X
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FINITE ELEMENT METHODS

@ Minimum element length
- 40| B #o| ZO0|S LIEHHLY

g — ——

- 0| 2 SN =3 A| 2|0 St= LHESZ, 24 ZO|7t &
5
/‘\5>’
\
‘\,/
05 1 1.25 ‘ 5

S o

0.5

-

O ~R%ICt

mjo

42 )M AIZHO| 8

OF.

0.66 125 152 |

‘\57 ‘\5‘/ ‘\5\/

X
it

N
w

/

m] Tetra Collapse

- 3K 42 AIEME AHEE 2, 847 LOtLt HETHA| miepst= 7| E0|

- 7H Ol ¢ X 4= GAIHM| | HEHZ O] [ff Tetra Collapse = 12| 442 Z7 ElCh(h x 1.24/4)
H

S
- 5= =& Al Tetra Collapse (0| & &% &2 5150l = negative volume 0|2 E &g 5= ULt

=

0.25 0.5 0.75 1 l

hx124 4.082x0.75x124

0.75
A 5

0.25H

=
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FINITE ELEMENT METHODS

Element Quality
Warping Angle
Aspect Ratio
Min length

Jacobian

[Z K] https://blog.naver.com/matrix3by3/221269968797

Criteria
{20°

{5
>1.5mm

>0.6

Error
0%
0%
{1%

0%

% A=t
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(3) Physical interfaces

» O|BNEZ PHE Y He 245 ME HZ LS50 24 dtLts SYUsH IR 0| £ =2 stCt
No OK
O O O O O O ®)
O O ' O 0

Physical interface

Elements Must Not Cross Interfaces

% AZdstn
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(4) Preferred shapes

= o] BN BN MZY @245 Geometry 0| R2|51H, ALY 224 £H 0| FCt
In 2D
Quadrilaterals > Triangles
In 3D
Bricks > Wedges > Tetrahedra

% AZdstn
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3. Boundary condition

(1) Rigid body motions

rx
o
i
9'_|-
1A
|0
Hu
I
m
oL

QHIM 0 2= HEZIT} B

BEUT

rir

Translations Motions Rotation Motions

2SS CIFEE S
2EAC ZE EH0| £€2 FASHE SHE 10 /2
HPZ B O|Sotes 25 2B 2[HoteE 23
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(2) Support conditions in 2D

Y =
Y =

Two Translations along x and y, one rotation about z.

Thus the minimum number of constraints in 2D is 3

% AZdstn
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FINITE ELEMENT METHODS

(3) Support conditions in 3D

» GAHZHO| Qo™ ZNEER 25>SHut HAEKt O/st 20| 7| 20 = FEMO|AM 12{5}X| &=Lt

Z| A0 o 7 O| 42 F45Z ¢ljof S5t50f Cish St Ho| LM EICt
» B AE 2X|ZH O|EE M 7o HE XAt Res BEF 1 o M 7He| 2T X 2[5O SHCf.
= zOf CHSt 2| W2 XS] {16 & BOA] xEek HE &| O OF BtC,
= yOfl CHSH 3|2 XS] I8l B COlA 2=k HR| 7L &5 5| OfOF L},
= xOf CHSH 2|2 YX|SH7| IS B DO|A ybek M7} 145 5|0 OF BHCt,

YA
o
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4. Symmetry and Anti-symmetry conditions

(1) Visualization

» Cfol DEo| Ze HUtDH = 1L H SO0 F0/M Qa+E HAAZE 5= ATt
= Geometry2t 5150| 25| LAl B0 siE.
£ Symmetry ‘ﬁ Antisymmetry

(@) La— line (b) =4 line

loads

displacement
vectors
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(2) Effect of loading patterns
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Mesh, Loads and BCs

CHS8. FEM Modeling

Summery

v' Discretization : Meshing, Refinement
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CH12. Variational Formulation of Bar Element

__________________________________________________________________________________________________________
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» Definition of Bar Member
» Total Potential Energy Functional
» Example

= The Bar Element Stiffness & Nodal Force
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§12.4.

§12.6.

§12.
§12.

§12.2.
§12.2.
§12.3.

§12.6.

TABLE OF CONTENTS

A NEW BEGINNING

DEFINITION OF BAR MEMBER
VARIATIONAL FORMULATION

§12.3.1. The Total Potential Energy Functional
§12.3.3. Variation of an Admissible Function

§12.3.4. The Minimum Potential Energy Principle

§12.3.4. TPE Discretization )
§12.3.6. Bar Element Discretization

§12.3.6. Shape Functions .
§12.4.0. The Strain-Displacement Equatlon

THE FINITE ELEMENT EQUATIONS
§12.4.2. The Stiffness Matrix ..
§12.6.0. The Consistent Node Force Vector

*NODAL EXACTNESS AND SUPERCONVERGENCE
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References .

Exercises .
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1. Definition of bar member

(1) One bar dimension : the longitudinal dimension or axial dimension is much larger that the other two dimensions,

which are collectively known as transverse dimensions.

The intersection of a plane normal to the longitudinal dimension and the bar defines the cross sections.

The longitudinal dimension defines the longitudinal axis.

(2) The bar resists an internal axial force along its longitudinal dimension.

H}(bar) Hl(beam)
=3 Syt s g 2N s sist g sts2 2R AE
ol= =y
AL T
a9 gutyoz =ik & R0 Mt Ty FEE0 ALE
==y st olrt
= T = T A
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FINITE ELEMENT METHODS

Quantity Meaning
X Longitudinal bar axis*
()" d()/dx
u(x) Axial displacement
q(x) Distributed axial force, given per unit of bar length
L Total bar length
E Elastic modulus
A Cross section area; may vary with x
EA Axial rigidity
e=du/dx=u Infinitesimal axial strain
o = Ee= Eu Axial stress
p=Ac = EAe= EAU Internal axial force
P Prescribed end load
* x is used in this Chapter instead of X (as in Chapters 2-3) to simplify the notation.

= Ux)THYH HAE, S L + Y= State variable
C

qx)= Tl Z2olYd EXESE
cross section
X #/axial rigidity EA
Cross section
z qx) > ulx)
>
P N
Longitudinal axis > x - L -

% A=t



CH12. Variational Formulation of Bar Element FINITE ELEMENT METHODS

2. Variational formulation

(1) The total potential energy functional

Prescribed end Displacement Axial Disltributed
displacements BC displacements axial load
u(x) q(x)
T
Kinematic | e=du/dx=u’ p'+q=0 | Equilibrium
bl p=EAe Axial Prescribed
strain — force end loads
e(x) Constitutive p(x) Force BC
L
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FINITE ELEMENT METHODS

Potential Energy of the Bar Member
(before discretization)

= Internal energy

L L L
U = %f pedx = %f (EAu’)u’dx:%f uEAU dx.
0 0 0

= External work L
W= [ qudx.
0

= Total potential energy

% AZdstn
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(2) Variation of an admissible function

Concept of Kinematically admissible variation

du(x) is kinematically admissible if u(x) and u(x) + du(x)

(i) are continuous over the bar length

(ii) satisfy exactly displacement BC. In the figure u(0) = 0

% AZdstn
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(3) The minimum potential energy principle

The minimum potential Energy(MPE) Principle

The MPE principle states that the actual displacement solution u*(x) that
satisfies the governing equations is that which renders

the TPE functional I1(u) stationary :

SMT=0U—-8W=0 iff u=u"

with respect to admissible variations u = u* + du of the exact

displacement field u™(x)

% A=t
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(4) TPE Discretization

- x=00| A|= Essential BCEM 00]|0{OF iC},
- 94 L gt HE0|0{0F BHCt

OT 1= =

- QAR @A A0l UX|()BOF S} O| 22 27HZMO| OfL|E2tE EIChpiecewise continuous O] Z23}C}

fi

‘”v 1 ‘”2~ L ‘Uy f ‘LL;« fy ‘”5= 1
(1) (2) (3) (4)
3 4 5

1 2

Us

0 - - -
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Total potential energy principle and decomposition over elements

SMI=U—-—6W=0 iff u=u

But I1 = n(]} + n(zj + ...+ l—[(NE}

and 51T = STV 4+ 611 + ... 4611 = 0.

From fundamental lemma of variational calculus,
each component variation must vanish, giving

STI® =sU° — s W9 =0.
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FINITE ELEMENT METHODS

(5) Shape function

Element shape function

% AZdstn
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Linear displacement interpolation

(e)

(e) e (e (e) (e) _ (e) @1 Yi | _ neol®

w0 = Niu o+ Nytuy = [N N ][ufem}—N“ :
J

In which

(e _ X _ e _ X

= ¢

{ = x/{ is a dimensionless coordinate.
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CH12. Variational Formulation of Bar Element

FINITE ELEMENT METHODS

3. The finite element equations

e — U(E‘) _ W(E')

Displacement variation process yields the element stiffness equations
U®© — %(u(e)) TKE@yg@

_ ((gu(e))i" [K@u® — 9] =0

(e)
ST = (5u®)” on
Jul®
arbitrary
K©y®© — f©

The element stiffness equations

We© = @©)T§e

!

0
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CH12. Variational Formulation of Bar Element

FINITE ELEMENT METHODS

(1) The stiffness matrix

(e) _ 1
U )

¢ 1
(e) 1 (e) (e)y =
U = 2’/0‘ [u;” u;] .

¢
f eFAedx.
0

n

:|EA%[—1 1]|:

The bar element stiffness

(e)
u,
UE.'E) ] dx.

J

¥ EA . £
K(e)—f —2[ L l]dX:f EAB'B dx,
0 4 —1 1 0
¢
K° = EAB'B dx:g -1 ze=g bl
. 2 | —1 1 ¢ | —1 1
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(2) The consistent node force vector

The consistent nodal force vector

¢ ¢ ¢
W = f qudx = [ gN'u'? dx = (u(e))rf q [ : ; é’] dx = (u(e))Tf(e)
0 0 0

14
o=l e
0

in which ¢ = x/¢
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FINITE ELEMENT METHODS

CH13. Variational Formulation of Plane Beam Element

2 {
1o
mf>
Jio
Fl
rE
B[
rE
=2
1o
rot
v s)
o
O
k>
lo
30
rot
x0)
k>
0
ozl
1>
mjo
1o
f>
rot
in}

_______________________________________________________________________________________________________

» The Classical Beam Theory
» Total Potential Energy Functional
» Shape Function

» Example
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CH13. Variational Formulation of Plane Beam Element

FINITE ELEMENT METHODS

§13.3.

§13.6.

§13.
§13.

§13.1.
§13.2.

§13.4.
§13.5.

§13.7.

§13.8.

TABLE OF CONTENTS

INTRODUCTION

WHAT IS A BEAM?

§13.2.1. Terminology .

§13.2.2. Mathematical Models . . .

§13.2.3. Assumptions of Classical Beam Thenry
THE CLASSICAL BEAM THEORY

§13.3.1. The Neutral Axis )

§13.3.2. Element Coordinate Systems

§13.3.3. Kinematics

§13.3.4. Loading -

§13.3.5. Support Conditions

§13.3.6. Strains, Stresses and Bendmg Moments
TOTAL POTENTIAL ENERGY FUNCTIONAL
BEAM FINITE ELEMENTS

§13.5.1. Finite Element Trial Functions

§13.5.2. Shape Functions : .
THE FINITE ELEMENT EQUATIONS
§13.6.1. The Stiffness Matrix of a Prismatic Beam
§13.6.2. Consistent Nodal Force Vector for Uniform Load
*GENERALIZED INTERPOLATION

§13.7.1. *Hinged Plane Beam Element

§13.7.2. *Timoshenko Plane Beam Element
NOTES AND REFERENCES

References .

Exercises .
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FINITE ELEMENT METHODS

CH13. Variational Formulation of Plane Beam Element

1. What is a Beam

T OFOf| A 7t

KIX|CHIR| Stste ate

2
=

=<
S
K= & ofLt7) CHE & X=ELC §gd] 3C

| Z0j2tn 3t 2 =0f

2 St& 2 X| K|t o

Jo0

ol
ol
RS
A/

=
[

"BtrhE 0|2t o)
- 0o X%

[

ol

M|

10

ojn

jol

* Beam2

0

<
ol
mr
olo
od
[

olo

o[
ar
80

Uk

FSXIXIel =2 HAHLE.

-
[®)

K| X[Efoff HEDt= 20| Beam®l

2
=

o

Beam Resist Primarily Transverse Loads
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(1) Terminology

= X[XE oA 2, S0t oM =

oot
Ha
=
|m
N
ne
0=
"
=
il
oot
Ho
=
|m
=2
1o
2t
of
L}
Hit
=2
x
18]
Hit
=
ro
)l
Ot
of
o
N
r
|

Transverse Loads are Transported to supports by flexural action

Neutral surface Compressive stress

Y
Tensile stress /
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(2) Assumptions of classical beam theory

= = JoME
o

- BY2 29

s
St

=
2| Beam

o

27} opl

ez

HAE|RKXHR x, y)oAe| Bl EX-Z Defdt

oot okl

!

o

Beam configuration

Spatial(General beams)

Plane(This chapter)

Beam Models

Bernoulli-Euler

Timoshenko(advanced topic not covered in class)
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CH13. Variational Formulation of Plane Beam Element

FINITE ELEMENT METHODS

2. The classical beam theory

(1) Element coordinate systems

Yy A

i il

Plane beam terminology

Neutral surface

IF4

A

Y

A Beam cross section

Neutral axis

R Symmetry plane

The Cartesian axes for plane beam analysis are chosen as follows:

1. x along the longitudinal beam axis, at neutral axis height.?

2.  zalong the neutral axis at the origin section.

3. yupwards forming a RHS system with x and Z.
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CH13. Variational Formulation of Plane Beam Element

FINITE ELEMENT METHODS

(2) Kinematics

u(x, y) =—y

Kinematics of beam

[u(x, y)]
v(x, y)

0
v(x) — =y

0x

v(x, y) = v(x).

= Where u and v are the axial and transvers displacement component, respectively

= Note that the slope v’ = dv(x)/0x = dv/dx of the deflection curve has been identified with

the rotation symbol 6
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(3) Loading, Support conditions

= BeamO| M= BA = Bl StS=20 Ciof 12§ &

Common support conditions

Simply supported

Cantilever

% AZzoisin



CH13. Variational Formulation of Plane Beam Element FINITE ELEMENT METHODS

(4) Strains, Stresses and Bending moments

Basic relations for Bernoulli-Euler model of plane beam

du 9%v d*v
== —y— = —y— = — VK.
00X d x?2 dx? Y
d*v
J=E6=—E}fﬁ=—EyK
d?v
M= | —yodx=E—; | ydA=El«
A dx® J 4

Yv

Positive sign convention for M and V.

* Beam©l| 4] Key variablet™ v(x)

W Aot



CH13. Variational Formulation of Plane Beam Element FINITE ELEMENT METHODS

3. Total potential energy functional

Total potential energy of beam member

[M=U-W

L L L L
U= %f ocedV=13 | Mcdx= %f Elx*dx = %f EI(v")" dx = %f v"EIv” dx.
Vv 0 0 0 0

L
W=f qu dx.
0
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= 2712 NodeZ 5|1 422 NodeE Atr= BT 2

0

r

N

Degrees of freedom of beam element
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4. Beam finite elements

(1) Shape functions

Plane beam element shape functions

N = 1(1—-§)%2+8),
N? = Le(1 - %1 + &),
N =31 +8%2-8),
Ny = —4e(1+8)°(1 &)

% AZdstn
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Shape functions in terms of natural coordinate ¢
_ (e) —
Vi
6,
SN N N N g | =N
J
(e)
£ — 2X {
>0
N =1(1-8)%2+8), N =11+ 62— &),
Ny =301 -8%1+8), NI =-1+81-8).
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5. The finite element equations

Element stiffness and consistent node forces

Lot 3
B = E[BE 3¢ —1 —63 3t+1]
ne — %U(E)TK(E)u(eJ _a@ e
1
K®© =

fEIBTBdX_f EIB'B 1t dg
—1

1
NquX _/INTq Sedg
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CH14. The plane Stress Problem

» Plane Stress Problem Description

» Linear Elasticity Equation

» Finite Element Equation
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CH14. The Plane Stress Problem

FINITE ELEMENT METHODS

§14.1.

§14.2.

§14.3.

§14.4.

TABLE OF CONTENTS

INTRODUCTION
§14.1.1. Plate in Plane Stress
§14.1.2. Mathematical Model

PLANE STRESS PROBLEM DESCRIPTION
§14.2.1. Problem Data
§14.2.2. Problem Unknowns

LINEAR ELASTICITY EQUATIONS
§14.3.1. Governing Equations

§14.3.2. Boundary Conditions Lo
§14.3.3. Weak Forms versus Strong Form
§14.3.4. Total Potential Energy

FINITE ELEMENT EQUATIONS
§14.4.1. Displacement Interpolation
§14.4.2. Element Energy

§14.4.3. Element Stiffness Equatlons

Page
14-3
14-3
14-4

14-5
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14-6
14-6
14-8
14-9
14-9

14-10
14-11
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1. Introduction
(1) Plate in plane stress

= & GO = BESID §F2 & AEE Plate2t g

= Q[EHL Of2f EH ALO[S] AHE[E F/H 2t St hE HA|

= Midplane2 & ™ AtO|2| S7t0]| {{X|StH midiplaned| =22l &2 transverse 2 &
= midplaned| Bt &eks M in-plane &

= Global% z& transverse2 &2 M2} HO| x| 2 midplaneHEAI2 z = 0.

= xE1 y%2 midplane0l HiXIZlof 22} AEAE HY.

= Of2fet 20| FH= S0 HA HT HHAE S| FXE0 x, yHeo| Stz (B HA | o1F)2F £atE|0f R

SHUSE MEjo| )

aanl

rir
0z
L

X

A plate structure in plane stress.
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CH14. The Plane Stress Problem FINITE ELEMENT METHODS

Plane stress physical assumptions

= Plate is flat and has a symmetry plane(the midplane)
= Allloads and support conditions are midplane symmetric
= Thickness dimension is much smaller than inplane dimensions

» Inplane displacements, strains and stresses uniform through thickness

Hel, HEYE, 38 SOl xy WHOMU Hox|n FH T2 29| g2 SUSICL F, xyXIH0| ZOjH x50 20| H3H= IOt

* Transvers stress 0,,, 0y, and o,,, negligible

20| 9= Z 0l ZetE g2 oolch

= Plate fabricated of homogeneous material through thickness

** XS AL 7HE A Sl 2 2H(ZO[LE #Oolof| HIBH FH 7t 02 &

rlo
ox
4o
Ot
o
mjo
nt
=
$0
rir
0z
n
N
okl
rg
olo
Ji
02
i

% AZdstn
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Inplane stresses

Tyy =0
Ty Xy yx

4+

h

T—-
X/

L4
h
Iy
/ Pax Pxy

Inplane force are obtained by stress integration through thickness

Oyy Y
—, T

Py T
X
Inplane internal forces

- D|A2200N SHLE R S20| SUS HOZ JHYstD 24 O[22 x, y YO 2T,
- $X82 g 0,0t HEY o, 242t 37} =X
- SEBEE ¢ 6 of MUHES 5, 247t 371 ZX)
. SRBLE p,., py, T HEE p 242E 37) EX
o X WFEF B9y, Of yurEt B9y ZHZE 271 EX
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(2) Mathematical model

= 3Kt plateE midplane2 2 E2tA 2AHY BHSHzE FAISHD x, y2F D%

» YOS El 2K GeometryE At REFEHEo=E DY

Mathematical idealization as a two dimensional problem

Midplane 0

\\ Mathematical
S

Idealization
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CH14. The Plane Stress Problem

FINITE ELEMENT METHODS

2. Plane stress problem description

(1) Problem data

Given :
Geometry

The Plane stress problem

Material properties
Wall fabrication(thickness only for homogenous plates)

App]ied body force HXA2 HRIMEY EHEoHs o+F(EH)AUM HIYY|L A S0l EZHEsHs T,

Boundary conditions :
prescribed boundary forces of tractions

prescribed displacements

Find :

Inplane displacement

Inplane strains

Inplane stresses and/or internal forces

> BHSHYEQ Folet /PE S 7|t Ma2ME 27| s T =1 FooF & 2t Fe
> 0|8 =0T BE= 2= HRIE —_rL6PE 10| S8O0|H O|AS O|Zot0 HYES Totl SES &oiFH



CH14. The Plane Stress Problem

FINITE ELEMENT METHODS

(2) Problem unknowns

=

S 2 300 ME S8 671, HdE6

A oE ne
U rg
rlo olo 1%

Matrix notation for internal fields
[ uy(x, y)
ulx, =
G =1 ux, y)]
C exx(X, _y)
e(x,y) = | ey(x,y)
(X, Y)
Vxy
Oxx (X, Y)
o(x,y) = | oyl(x,y)
(O3 )% )
Ty
Pxx = O xxh, Pyy = O'yyh, Pxy = O'th.
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FINITE ELEMENT METHODS

3. Linear elasticity equations

(1) Governing equations

Governing plane stress elasticity equations in matrix form
Cyxx d/0x 0
UX
€ — 0 8/ 3)/ |: :I : Strain-Displacement Relationship
ey a/dy a/axI Lt
Vxy
Oxx JEll EIZ E13 Exx
Oyy | = Ei» Eo»p En ey : Constitutive equation(7-/3 ¥4 4])
(0xy) Ei3  Exz EszdlLl2e
O-XX
[a/ax 0 8/8yi| ool {bx} [0]
Yy = : Equilibrium equation (¥ 3 %4 4])
0 9/dy d/ox]| " b, 0
Xy
e = Du, o = Ee, Do +b=0,
= O|2RA0M ZF H22 285l ol et RHEQ| 0] 0 M FX HAHE.
» HYUFEAZ 0| X EIMENOIM 24 L S22 Hatant HHHo| g0| 0282 SHS5t= WHA
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Equilibrium equations
Posted by: Pantelis Liolios | Sept. 17, 2020

A solid body is in static equilibrium when the resultant force and moment on each axis is equal to zero.
This can be expressed by the equilibrium equations. In this article we will prove the equilibrium
equations by calculating the resultant force and moment on each axis. A more elegant solution may be
derived by using Gauss's theorem and Cauchy's formula. This approach may be found in international
bibliography.

Consider a solid body in static equilibrium that neither moves nor rotates. Surface and body forces act
on this body. We cut an infinitesimal parallelepiped inside the body and we analyze the forces that act
on it as shown in Fig. 1. We will assume that the stress field is continuous and differentiable inside the

whole body.
|""'2
rl',Jl".l-{_J
732 ;
E_J].n":g
719
- S ——
doay Heraq
T3 oy —dz: da1 —dry
Ay i) antelisliolios.co

Figure 1: Infinitesimal parallelepiped representing a point in a body under static equilibrium. The stresses acting on -
the opposite sides of the cube are slightly different. @ AIcistul



CH14. The Plane Stress Problem FINITE ELEMENT METHODS

The stress components on each side of the cube is a function of the position since we have a non
uniform but continuous stress field. For example on side 4 the normal stress is 0'11(131, T9, .1;'3} = o1
. On the opposite side 2 the normal stress is 011(1131 +dzq, zo, :ﬂg}. By taking under consideration

Taylor's theorem we may write: /

o , :
o11(x1 +dz,x9,23) =011 + 6‘?1 dzy (1) Taylor's expansion
1

where the higher order terms have been neglected because they are relatively small. We follow the
same procedure for all the components as shown if Fig. 1.

Equilibrium of the body demands that the resultant forces must vanish. By summing up the forces with
direction parallel to axis r, we get:
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T 2 ‘ daag
T fl.f'3 22 otz oy
iy A g Ta1 + — iy
\ e
rl',]l"l-{_l )
a3z + . :1} i
-!..J].n"::;
711
e == —
3011
o1 + dri |dxodzs — o11dxzadxa+
31.‘]

o
+ (021 + N dﬂ!g) dridrg — o97dxidra+
3:1.‘2

doa
or 3

+ (031 1 d:r,g) dzidras — onidridzs + fidzidzadzs =0

where dx 1, dzs and dxj are the dimensions of the parallelepiped and f; is the component of the body
force parallel to xy. By dividing with dzydzodz g we get:

d 0 0
o | Gon | Odom

+fi=0 (3
dr dzra dra h ®) % Agdistm
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Similarly we can obtain the equations for the other two directions. The final set of equilibrium
equations is:

do11 = Odon  dom

=0
ori + dxo + orsa +fi
dop  Oo9se  Ooan
31!1 + 33:2 + 31123
doia Oaa doas

=0
ori + dro + orsa +f3

+f2=0 (4)

By using index notation we may write the three equilibrium equations in compact form:

ojij+fi=0 (5)

donn  Ooa1  Oogr N
or1 * ox9 i ,&{L'g th=
do1p  Ooyp 30}{
6:171 * 3:122 - /0'3)3 ~ f2 N
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FINITE ELEMENT METHODS

(2) Boundary condition

» AAEZAHY = Essential BC2F Natural BCZt =4
» Essential= F=kuO||Al uS
» Natural BC }&52 #3dl= A

= BA=UNM = HBAZUL StSBAZ=H0| XX &

L
» SHS 2= Lirs AS 20ot=H M= st HotEorzN 2

O 5= displacement.(Bl&22 17d &l

b ®MA EEh
WHO M= CHEX| S

BsO

N

£
+

Z4=0

s

Boundary displacements i

. boundary forces q
are prescribed on I'},

are prescribed on I';

Gﬂﬂ

M
Boundary tractions t or

t

v (unit
A .

ty A exterior normal)

Stress BC details
(decomposition of forces
q would be similar)
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(3) Weak forms VS Strong form

Strong form2 Ht™ 2 = 0|83= O|EY X[H{HEAE 2|0
O| I Strong form2 & 7|2 & X|H{EHA2 sj7} £|= &0 Zk(strong) HE5H 1} O|27IsH S Fotah

Weak forme O|2{3t Strong form™E{ Q| X[ FA S22 H &0 £itk|= SFZUS(EEY, 0|27tsH)2 Lt (weak)

BHS 0| RIEHWR Ao CHE e,

rlo
oi
ir
A

0]
n|5

Strong forma 2tE5t= 2 & Si= weak forms TFESHX| 2 I

[t2kA, FEMOA Weak form 2 2t&F3SH= 8ll=, O true solution(strong form THE)0f| 7477k X|7| I8l O M 2st 24Xt

Et2 time step size?t 2.

Strong form 2 FO{TI QIO A A[ARIO| B HENE &7 2ot & EAIS0|2tEH, weak form2 Galerkin method &
0| 8%t=, & BAUEIE UHSt=, X7t 223} &= (YR Ho 2 H)E 7| feh 40|t

Strong form2 0|2 H A 0] HEHE =20, weak form 2| B M2 A O] HE{|Z LIEHMHCE,

% A=t
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Strong form

Displacement BC
. A I
Prescribed u=1u isplacements Body forces r
displacements
i on I} u b
(oo !
Kinematic | e=Du Equilibrium EDTG+ b=0!
in LinQ
Force BC
"""" |
1 =
Constitutive H 0:_“ - E i
Strains c=Ee Strossas orpn=q || Prescribed
G tractions t
€ in Q on I or forces q
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TPE based weak form
Displacement BC
_P rescribed u=u ljisplacements Body forces I
displacements
u on I u b
[
Kinematic| e =D u Equilibrium 1 8l1= Ui
in Q i in £ 1
o ———————
Constitutive 1 Force BC i .
Strains c=Ee Stresses Lo =0__) Prescribed
G tractions t
€ in Q on I} or forces q
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(4) Weak forms VS Strong form

U=%[h0'TedQ=%fheTEedQ.
2 Q

W=fhudeQ+f hultdr.
Q T,
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4. Finite element equations

= AOMet 20| ST ZHHS x40} ot T2 45 FEOHE Fota s SEY(F=ku)0| R=&

= Midplane, 0|42t (Meshing), S8 HXIH 24 AFZtR 4 S22 SMAM FEE/7[= &

= OFZOEOM 58 29| B2 0| L= FH 4712 240 Q5 SSH2Z EREE L= 0|22 Zf 2200A A the 4= Hoiof &
= 240M AUE e Y Y MOIAS™ Al 4 240 223 B ZtEE S 28 IEQ SHLo| 7|E2 2 HEtd|oF 2 (Globalization).

= 0|2 Z2NAE FAZRURRE BIRE Fots A
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CH14. The Plane Stress Problem

(1) Displacement Interpolation

ad

FRA? AFZEQ 47 OfLY

ALZ
[ By

ojn

£ 22|

Ooff oI5 A &hot

=I)é|-'<l'%l-¢_

e
O:
o

f

a

F

7
H

= QA0 LE A9

M ogkE 71 floiM

| X1 o

Z3 9ol ¢

100

SHAN)

= —

Xlof e Heetaet s
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CH14. The Plane Stress Problem

FINITE ELEMENT METHODS

(2) Element energy

= 2= F=Kug AltHiA uE o= A0 0l us U, WOl Z2FA|Z{A TPES O &3t ACHE 2|0f @l

Total potential energy of plane stress element

F (e)
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CH14.

The Plane Stress Problem

FINITE ELEMENT METHODS

Constructing a displacement assumed element

* Node displacement vector :

(

e) T
u” = [uy Uyr Ux2 ... Uxp Uyn]

» Displacement interpolation:

ey = [ LM 0 N 0w
! uy(x, ) 0o N9 0o N? ... 0
— N©@yu®

= N is called the shape function matrix
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Element construction (cont’d)

Differentiate the displacement interpolation wrt x, y to get the strain-displacement relation

N, N, AN i
0x 0 0x 0 T 0x 0
(e) (e) (e)
e(x,y) = 0 agvjl/ 0 ag\;i o 0 a‘év; u'® = Bu®
ING AN AN AN IN© YN
L dy 0x ay dx 77 ay ox -

» Bis called the strain-displacement matrix
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(3) Element stiffness equations

Element construction (cont’d)

= Element total potential energy:

MO = Ly@ TKOu© _ @ e

Do =

= Element stiffness matrix:

K© = f hBTEB dQ'@,
Qe

= Consistent nod force vector:

1<'“~’J=[ hNdeQ<€>+f ANTtdr®@.
Qe re

Body force surface force
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Numerical integration

___________________________________________________________________________________________________

___________________________________________________________________________________________________

» Introduction to Numerical Integration
» Gaussian Quadrature

» Example
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Numerical integration

FINITE ELEMENT METHODS

1. Gauss % &

f)

Q

=

L
@ |

b
I'= j f(r)dr ZFEHE O] HES O{EH AHLSt=7F?
a

= @ f () + @ f() + ot anf () = ) aif ()

n
=1
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Numerical integration FINITE ELEMENT METHODS

ol ) fuﬁxsinx dx 2 GaussE o= AilsEk (28 M5

11%{1 (-0.57735)} x 0+ = {1+(_0577’%5}><:rf2 033194 *p(x %2 {xE)}

=]

=1(1-0.57735)x0+—(1+0.57735)xn12=1.2388 23 e \:%4% o ATE FE
2 2 Weight
f(xl)=O.33]94si11(0.3319'4) = (0.108 . 17_[)
F(x,)=1.2388sin(1.2388) = 1.17 J-D " xsinxdx = (0108 x1.0+ 1.17 x1.0)= 1.003
' (ke HEAES 1.0)
v V= XSInXx
4 ///"'—'__-__
TF(x,) =853
1 117
0.108
Tf(x)=66568
0 le 033194 Fr-12388 2 .
T | - — &
J1 & =-057735 0 £=+0.57735 |
w =1 w, =1
HE)= 204257
) 2 2
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Numerical integration

FINITE ELEMENT METHODS

Points(n)

Weighting Factors

Function Arguments

2

C]_:]_

¢, = —0-577350269

c, =1

¢, = 0-577350269

"

¢, = —0.774596669

ZZ = 0'0

"

s = 0.774596669

¢, = 03478548

&, = —0.861136312

¢, = 0-6521452

g, = —0-339981044

¢; = 0-6521452

5 = 0-339981044

c, = 0-3478548

¢, = 0-861136312

¢, = 0.2369269

¢, = —0-906179846

¢, = 0.4786287

¢, = —0-538469310

c; = 0-5688889

¢z = 00

¢, = 0.4786287

¢, = 0-538469310

¢ = 0-2369269

s = 0-906179846

c, = 01713245

¢, = —0-932469514

¢, = 03607616

¢, = —0-661209386

¢, = 04679139

s = —0-233619186

¢, = 0.4679139

7, = 0.238619186

¢; = 0-3607616

(s = 0-661209336

¢, =0-1713245

{6 = 0-932469514
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o ——

CH.15 The Linear plane stress triangle
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» Triangle Geometry and Coordinate System

: Triangular Coordinates, Linear Interpolation

» Element Derivation

: The Stiffness Matrix, The Consistent Nodal Force Vector
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CH.15 The Linear plane stress triangle

FINITE ELEMENT METHODS

§15.1.

§15.2.

§15.5.

§15.
§15.

§15.3.

§15.4.

§15.6.

§15.7.
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CH.15 The Linear plane stress triangle FINITE ELEMENT METHODS

1. Triangle geometry and coordinate systems

The triangle geometry and its nodal configuration

(b)

3 (x3.5) 3

(a)

Area A=>0

X 2 (x,,)0) * 2

X 1
z up, towards you 1 (x.3)

The three-node, linear-displacement plane stress triangular element:
(a) geometry; (b) area and positive boundary traversal.

% AZdstn



CH.15 The Linear plane stress triangle

FINITE ELEMENT METHODS

(1) Triangular coordinates

Triangular coordinates

&1+ 8+ 83=1.
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CH.15 The Linear plane stress triangle FINITE ELEMENT METHODS

(2) Linear interpolation

Using triangular coordinates to
formulate linear interpolation

Cartesian form f(x,y)=a +ax+ay

Variation defined by 3 corner values fi, L, L

Natural form

¢
[(£,,8,,83) = [iei+ LG+ fLa=[ fi £ 1%][‘:2:|

fi
— [‘:1 §2 §3]|:f2:|
fi

% AZdstn



CH.15 The Linear plane stress triangle

FINITE ELEMENT METHODS

(3) Coordinate transformations

Triangular to cartesian:

Here x;, = x; — xp, yix = ¥j — Wk

and the origin of the x—y system.

Relating triangular & cartesian coordinates

1 1 1 1 {1
Y n oy »n {3
Cartesian to triangular :
{1 | [XeVs —Xy2 J2— s X3 X 1
G2 | = ey X3)y1—Xx1y3 V3s— N X1 — X3 X
{3 LX1 )2 — X1 11— ) X2— X Y
1 [2423 Jos st] [1]
= — | 243 y31  X13 X
2A
L2A12 yi2 X2 J -

Aji  denotes the areasubtended by corners j, k
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CH.15 The Linear plane stress triangle FINITE ELEMENT METHODS

2. Element derivation

(1) Displacement interpolation

Displacement interpolation over triangle

P(C19C2=C3)C z;

Uy = Uy §) + U8y + Uysls,

Uy
Uy = U, ) + ULy + Uysls,
Uy]
1
-
u

uc | _[& 0 & 0 & 0} e | _ \(©(©
[][Uzloczozs !
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CH.15 The Linear plane stress triangle

FINITE ELEMENT METHODS

(2) Strain-displacement equations

1 [y O
e = DN@u®@ = 7 |: 0 x3
X32 )23

Strain-displacement relation

0 U
X1 x2 — Bu(e}
ez
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CH.15 The Linear plane stress triangle

FINITE ELEMENT METHODS

(3) Stress-strain equation

Stress - strain relation

Oxx E, E, E;
o= |0y |=| E, E;p Ej
Oxy Ei; E,; Eg
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CH.15 The Linear plane stress triangle FINITE ELEMENT METHODS

(4) The stiffness matrix

Element stiffness matrix

K(e) =f hBTEB dg(ﬂ)
Qe

where Q9 is the triangle domain, and A is the plate thickness that appears in the plane stress
problem. Since B and E are constant, they can be taken out of the integral:

K® = B'EB [ hdQ®
el

[ a3 0 X327
0 x5 3
T 4A? ElE Ezz E23 0 X32 0 X13 0 X1 hd$
4A2 0 X3 Va1 »
yiz 0 Xy Eys Ey Ey X32 Yoz Xi3 a1 X211 Y2
L 0 x1 Y2
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CH.15 The Linear plane stress triangle

FINITE ELEMENT METHODS

If the plate thickness h is constant

3 0 xap
0 x
- h | y 82 }X/i E, E, Ezl|[Jys 0 yu 0 yz2 0
K® = AhB'EB= — | /! xis v || Bz Pz B || 0 e 0 xis 0
Yz (1) Xo1 E; E,y Eg X3z Y23 X13 )31 X1 )2
L 0 xa1 a2
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CH.15 The Linear plane stress triangle FINITE ELEMENT METHODS

(5) The consistent nodal force vector

Consistent node force vector for body force

ﬂf>=/ h(N(e3)desz<f>=f n| % b dQ©
Qe Qe 0 ;2
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CH.15 The Linear plane stress triangle FINITE ELEMENT METHODS

If body force are constant over element

The simplest case is when the body force components (15.23) as well as the thickness / are constant
over the element. Then we need the integrals

1 — 2 - 3 — 2
¢ dQ(E} ¢ dQ(t‘) 5 dg(e) ;A
Qlel Qlel Qe
_ bx_
b}’
f(e) _ ﬂ bx
3 | by
by
b,
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CH.16 The Isoparametric representation

____________________________________________________________________________________________________________

(Q/ ¢ HSSE GeometryS} HHS SUSHH EHSHE UHHSE ofsfBic.

____________________________________________________________________________________________________________

= |Isoparametric Representation

= Triangular Element

: Linear triangle, Quadratic triangle

» Quadrilateral Element

: Bilinear quadrilateral, Biquadratic quadrilateral
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CH.16 The Isoparametric representation

FINITE ELEMENT METHODS

§16.2.

§16.1.

§16.3.
§16.4.

§16.5.

§16.6.

§16.7.
EXERCISES

TABLE OF CONTENTS

INTRODUCTION

ISOPARAMETRIC REPRESENTATION
§16.2.1. Motivation . .
§16.2.2. Equalizing Ge{}metry and Dlsplacements

GENERAL ISOPARAMETRIC FORMULATION

TRIANGULAR ELEMENTS
§16.4.1. The Linear Triangle
§16.4.2. The Quadratic Triangle

QUADRILATERAL ELEMENTS

§16.5.1. Quadrilateral Coordinates and Iso-P Mappings
§16.5.2. The Bilinear Quadrilateral

§16.5.3. The Biquadratic Quadrilateral

*COMPLETENESS PROPERTIES OF ISO-P ELEMENTS
§16.6.1. *Completeness Analysis

§16.6.2. *Completeness Checks .. )
§16.6.3. *Completeness for Higher Variational Index

ISO-P ELEMENTS IN ONE AND THREE DIMENSIONS
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CH.16 The Isoparametric representation

FINITE ELEMENT METHODS

1. Introduction

Isoparametric representation of Finite Elements

Geometry and displacement are represented by
Same set of shape functions (iso = same)

Advantages

» Unification : same steps for all elements
* No need to distinguish straight vs curved side elements

» Quick construction of shape functions

% A=t



CH.16 The Isoparametric representation FINITE ELEMENT METHODS

Before isoparametric concept was discovered,
FEM develpers did “Supper parametric” Elems.

Element shape functions refined,
More nodes and DOFs added

But element geometry was kept simple with straight sides

% A=t



CH.16 The Isoparametric representation

FINITE ELEMENT METHODS

2. Isoparametric representation

(1) Motivation

For the 3 Node Triangle

1 1 1 177r1¢
BRI
Y n o y2 » {3

Displacement interpolation

Geometric description

(e) (e) ()
Uy = Uy Ny Uy Nyw +ug Ny = g8+ Ul + uxsly
(e) (e) ()
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CH.16 The Isoparametric representation

FINITE ELEMENT METHODS

Triangular
coordinates

SHNS

'

Shape
functions
Nj{e’]

—

Super parametric representation
(Triangles)

Geometry
1, x, v

Displacement
interpolation
ux » U_}r'

W Aot



CH.16 The Isoparametric representation

FINITE ELEMENT METHODS

(2) Equalizing geometry and displacements

Triangular
coordinates

SHAS

Shape
functions
ﬂ'ri( e)

Isoparametric representation
(Iso=Equal) for triangular elements

Geometry
1, x vy

Displacement
interpolation
Uy, Uy
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3. General isoparametric formulation

Iso-P representation of 2D
Plane stress elements with n nodes

Element geometry
1

1= N 2= N y=Y N
i=1 i=1

i=1

Displacement interpolation

n
(e) (e)
i=1

Matrix form of above

— (e) 7
-17 11 17| M
Aﬂﬂ
X X] Ab Xh 2
Y11=\ Nn N Yn
Uy uxl uXZ uxn
_Uy_ —uyl uyZ yn = —NIE'E)—
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FINITE ELEMENT METHODS

Thickness h
lemperature

More rows may be added to interpolate
Other quantities from nodes values

-1 T -1 1 | O
N,
X X X X, 1
N(e)
Y NN Yn 2
Uy | = x1 Uy Uyn
uy Uy, Uy, Uy,
h h,  h, h, N(©
"Lrd Ln g r, 15" -
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4. Triangular elements

(1) The linear triangle

The linear triangle
3
2
1
— 1 7 -1 1 1 7 ©
e
— N(E)
Yi=1n"n X X 2
Ux Uy Uyp Uy N:JEE)
_U},_ _Uy] uyZ uyS_
N =0, N=&n N =g
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FINITE ELEMENT METHODS

(2) The quadratic triangle

_ Nlte) -
1 7 Ng(e)
Xg Née)
Y Née)
Exa Née)
6 = i Nﬁ(e) i

The quadratic triangle
3
5
6
2
4
1
— 1 7 ! 1 1 1 1
X X X, X3 X, X
Y1 1=\n Yo ¥V3 Ny X
Ux Uyp Uyp Uyz Uy Uy
—UJ”— _H},] uy2 uyS uyd uyﬁ
N =526 -1, N2 =525 -1,
Nje) = 4Cl§21 Née) = 4§2(:3, Née) = 4§3C].

NS = 3225 — 1),
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5. Quadrilateral elements

(1) Quadrilateral coordinates and Iso-P mappings

Quadrilateral coordinates §,n
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(2) The bilinear quadrilateral

4-Node bilinear quadrilateral

N =11 -1 -n)

1 e
X X X, X3 X NEE) NZ( )= %(1 +&)1 —n)
RN R VC N =1+ &)+
Uy Uy Uy Uyz Uy N(E) 34 ' !
Luyd Luy uy uy ou, R - N =11 -6+

% AZdstn



CH.16 The Isoparametric representation FINITE ELEMENT METHODS

(3) The biquadratic quadrilateral

8-Node “serendipity” quadrilateral
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CH.17 Isoparametric quadrilaterals

___________________________________________________________________________________________________

» Partial Derivative Computation

: The Jacobian, Shape Function Derivatives, The Strain-displacement Matrix

» Numerical Integration by Gauss Rules
» The Stiffness Matrix

» Example
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FINITE ELEMENT METHODS

§17.2.

§17.3.

§17.1.

§17.4.
§17.5.
§17.6.
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§17.2.1. The Jacobian
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§17.2.4. The Strain-Displacement Matrix
NUMERICAL INTEGRATION BY GAUSS RULES
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1. Introduction

Isoparametric quadrilaterals

Implementation steps for element stiffness matrix

1. Construct shape function in Quad Coordinates
(chapter 18 is devoted to this topic)

2. Compute x-y derivatives of shape functions and
build strain-displacement matrix B

3. Integrate h B E B over element

% A=t
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2. Partial derivative computation

oh A Et40 HO[20| R ¥ : ¢, = [B][u] = 2 [u]

ol MAXE &p o &2 8 N-(En) - ®Y)

Shape functions are written in terms of ¢, n
But cartesian partials(with respect to x, y) are
required to get strains & stresses
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CH.17 Isoparametric quadrilaterals

FINITE ELEMENT METHODS

(1) The Jacobian

)|

J_

0 X
dy
FH

_ d(x, y) _
d(&, )

The Jacobian and Inverse Jacobian

9x 08
aﬂ dg | _ yr[dé dé _[E
dy [Ldn] " Ldn]® |[dn _La_”
an 0x

- dx  dy -

05 05 | _[Jn e J -
ax oy J1 Sz |

_f}n {-}n_

d§
0x
an
dy

_ & _
d(x, y)

[T

Here J denotes the Jacobian matrix of (x, y) with respect to (&, n), whereas J ~! js the Jacobian
matrix of (£, n) with respect to (x, y):

— [f}g
0x
03

_dy

In finite element work J and J~! are often called the Jacobian and inverse Jacobian, respectively

an
0x
an
dy
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FINITE ELEMENT METHODS

(2) Shape function derivatives

In matrix form

T AN T
0x
N
L dy

Using chain rules

d&
dx

43
dy

an
0 X
on
Ay

Shape function partial derivatives
AN AN g AN oy
dx  9& dx  In 9x
ON? AN 9t AN, an
dy 9 dy  on dy
m AN T TN T TN T
08 | _ 9E.n) dE _j! OE
N, Ix, y) | N IN®
- dn - L dnp - - dn -
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FINITE ELEMENT METHODS

(3) Computing the Jacobian matrix

Computing the Jacobian matrix

Use the element geometry definition

dx X IN dy & ON
_X = Xj ! ) r—'y = Z}’I - !
A R = AT
dx < aNT  dy & AN
— =) x—, _y = Z_}fj —
an = In an =T an
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(4) The strain-displacement matrix

The strain displacement matrix B

Use those S.E s partials to build the strain-displacement matrix B :

— a arle) ~ arle a ar(e) -
Ny W N
Eor dx 0x 0x
e — e — 0 8‘?Vl(e} 0 HNZ(P) 0 aNf(IE)
“xy IN© aN© INS 9N IN®  JN©
- Jdy Jx dy dx T dy dx

Unlike the 3-node triangle, here B=B(§,n) varies over quad

u'® = Bu'?
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3. Numerical integration by Gauss rules

(1) One dimensional rules

One dimensional gauss integration rules

1 p
f FE) de ~ Y w, FE)

1 i=1

1
One point: f F(&)déE = 2F(0),
~1
1
Two points: f F(&) dE ~ F(—=1//3) + F(1/4/3),
~1
! 5 8 5
Three points: f F(&) dE ~ 5F(—,/3/5) + §F(U) | 6F(~./3/5),
~1

1
Four points: f F(&) d§ ~ w; F(§) + wy F(&§) + w3 F(&3) + wy F(&y).
~1
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Graphical representation of the first five
One-dimensional gauss integration rules

cL . J)pzl

e | @ — =2

o—e o o—0 p=3
® ® -<|)p=4

g=-1 £=1

The first four one-dimensional Gauss rules p = 1, 2, 3, 4 depicted over the
line segment £ = —1 to & = +1. Gauss point locations are marked with black

circles. The radii of these circles are proportional to the integration weights.
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(2) Two dimensional rules

Two dimensional product Gauss rules

Canonical form of integral

1 1 1 1
flle(E,n)dEdn=/1dnle(E,n)d$

Once this is done we can process numerically each integral in turn:

P1 P2

1 1 1 1
/ f F(¢,n) dE dn=f dn/ F(&, n)ds~ ) Y wuw, F&, n))
—1J-1 -1 -1

i=1 j=1

where p1 and p2 are the number of Gauss points in the ¢ and n directions, respectively.
Usually the same number p = p{ = p, is chosen if the shape functions are taken to be the

same in the ¢ and n directions.
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Graphical representation of the first four 2D product-type
gauss Gauss integration rules with equal # of points p in each direction

The first four two-dimensional Gauss product rules p = 1, 2, 3, 4 depicted
over a straight-sided quadrilateral region. Gauss points are marked with black
circles. The areas of these circles are proportional to the integration weights.
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FINITE ELEMENT METHODS

4. The stiffness matrix

dx

—d
an 1

Geometric interpretation of
Jacobian determinant det J=|J|

n

1

Geometric interpretation of the Jacobian-determinant formula.
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Gauss integration of stiffness matrix
K = f hB'EB dQ"?
Qe

Rewrite in canonical form

1 1
K = fI/IF(s’”) d¢ dn.

dQ'9 = dx dy = detJ d& dn.
F(£,n) = hB"EBdet]

where
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